ABSTRACT. The quantum Frobenius map and its splitting are shown to descend to corresponding maps for generalized q-Schur algebras at a root of unity. An affine analogue of this result is also suggested.
INTRODUCTION
Fayers and Martin [FM] recently discovered an explicit embedding of the Schur algebra S(2, r) into the Schur algebra S(2, pr) which exists over a field k of characteristic p. Their proof proceeds by a direct computation with basis elements.
Here we give an integral lift of their construction, that is, an embedding of the Schur algebra (over Z) into the q-Schur algebra S q (n, ℓr) for an integer ℓ, where the parameter q is specialized to a primitve ℓ-th root of unity. We work in the context Lusztig's modified quantum groups, and our embedding comes from an extension of a Frobenius splitting map which appears not to have been written down before.
In the case of a generalized q-Schur algebra, the embedding realizes the Schur algebra as a subalgebra of the q-Schur algebra for a (possibly) different group (when ℓ is divisible by 6 this will always be the dual group). For q-Schur algebra we also give a simple characterization of the embedding in the geometric context of [BLM] . Finally we define the notion of an affine generalized q-Schur algebra, and conjecture an analogue of our embeddings.
QUANTUM GROUPS AND MODIFIED QUANTUM GROUPS
In this section we recall the definition of a quantum group and its associated modified form, using Lusztig's notion of a Cartan datum. Definition 2.1. A Cartan datum is a pair (I, ·) consisting of a finite set I and a Zvalued symmetric bilinear pairing on the free Abelian group Z[I], such that
• i · i ∈ {2, 4, 6, . . .} • 2 i·j i·i ∈ {0, −1, −2, . . .}, for i = j. We will write a ij = 2 i·j i·i . Note that the matrix A = (a ij ) is a symmetrizable generalized Cartan matrix. A root datum of type (I, ·) is a pair Y, X of finitelygenerated free Abelian groups and a perfect pairing , : Y × X → Z, together with imbeddings I ⊂ X, (i → α i ) and I ⊂ Y , (i →α i ) such that α i , α j = 2 i·j i·i . The group W of automorphisms of X generated by the reflections s i : X → X where s i (λ) = λ − α i , λ α i , is known as the Weyl group.
When there is no danger of ambiguity we shall, by abuse of notation, write (X, Y ) for a root datum. Given a root datum, we define an associated quantum Date: October, 2005. group U. Let v be an indeterminate, and for each i ∈ I set v i = v (i·i)/2 . We set
and then define
The algebra U is generated as an algebra over Q(v) by symbols E i , F i , K µ , i ∈ I, µ ∈ Y , subject to the following relations.
(
where E (r) i denotes the q-divided power
[r]i! . For our construction it is better to work with a variant of U introduced by Lusztig, which we now describe. Let Mod X denote the category of left U-modules endowed with a weight decomposition: the objects of
where
Let R be the endomorphism ring of the forgetful functor to the category of vector spaces. By definition, an element of a of R associates to each object V of Mod X ) a linear map a V , such that a W • f = f • a V for any morphism f : V → W . Any element of U clearly determines an element of R. For each λ ∈ X, let 1 λ ∈ R be the projection to the λ weight space. Then R is isomorphic to the direct product λ∈X U1 λ , and we setU to be the subring (in fact, clearly, Q(v)-subalgebra)
Note thatU does not have a multiplicative identity, but instead a collection of orthogonal idempotents. Then it is clear that the category Mod X is equivalent to a category of modules forU, the category of unital modules. Following Lusztig, we denote by f the associative Q(v)-algebra generated by {θ i : i ∈ I} which is isomorphic (via the obvious map) to the subalgebra U + of U generated by {E i : i ∈ I}, and also to the subalgebra U − of U generated by {F i : i ∈ I}. For x ∈ f , let x ± denote the image of x in U ± . Since we are interested in the algebraU at a root of unity, we need to specify an integral form of the algebra explicitly. There are two distinct integral forms for a quantum group -with or without divided powers. In what follows we will only need the modified quantum group in its integral form with divided powers. Let A denote the ring
is an integral form (i.e. the canonical map Q(v) ⊗ AUA →U is an isomorphism). Both the algebraU A and the corresponding integral form f A of f have canonical basesḂ and B [L93] (and hence in particular are free A-modules).
Ley ℓ be any positive integer. If ℓ is even we set l = 2ℓ, while if ℓ is odd we set l = ℓ or 2ℓ. We set A ℓ to be the quotient ring A/(Φ l (v)) where Φ l is the lth cyclotomic polynomial, and then letU ℓ be the corresponding specialization A ℓ ⊗ AUA of the modified formU. More generally for any A-algebra R we will write RU for the corresponding specialization ofU A , and R f for the specialization of f A .
In order for us to define the embeddings we must also introduce the notion of an ℓ-modified root datum following [L93] . Given a Cartan datum (I, ·) and an integer ℓ we define a new Cartan datum (I, •) given by
where l i is the smallest positive integer such that l i (i · i/2) ∈ ℓZ. It is easy to check that (I, •) is indeed a Cartan datum. Given a root datum (X, Y ) we can also define a new root datum by setting X * = {λ ∈ X : α i , λ ∈ l i Z} and Y * = Hom(X * , Z), with the obvious pairing between X * and Y * . The simple roots of the (X * , Y * ) are α * i = l i α i and the simple coroots areα * i , whereα * i (λ) = l −1 i α i , λ . Note that there is thus a natural inclusion X * → X and hence a restriction map Y → Y * . In the case where the root datum is of finite type (i.e. the matrix A is positive definite), the integers i · i/2 lie in {1, 2, 3} and so for ℓ divisible by 6, the root system (Y * , X * ) is essentially that attached to the dual group. IfU is the modified quantum group attached to a root datum (Y, X) we denote
i , and the modified quantum group attached to the root datum (Y * , X * ) byU * . For clarity we will also denote the generator ofU * ℓ by e (n)
ℓ is close to the classical enveloping algebra (in [L93] this is called the quasiclassical case).
THE CONTRACTING HOMOMORPHISM
The goal of this note is to construct embeddings of generalized q-Schur algebras, which are quotients of the modified quantum group. In this section we construct, as a first step, an embedding of the algebraU * ℓ intoU ℓ . For this we rely on the work of Lusztig on the quantum Frobenius homomorphism. Recall from [L93, chapter 35] that there are two A ℓ -homomorphisms
, and F r(θ
when l i divides n and zero otherwise. Lusztig also shows that F r "extends" to a map
1 λ , if l i divides n and λ ∈ X * , and to zero otherwise, and similarly F r(F
1 λ , if l i divides n and λ ∈ X * , and to zero otherwise. Note that F r is obviously surjective. The observation of this section is that the map F r ′ also has an "extension" toU * .
Remark 3.1. The map F r is a q-analogue of the Frobenius morphism on enveloping algebras in positive characteristic, while the map F r ′ is a q-analogue of a "Frobenius splitting" map for Schubert varieties [KL] .
The following two lemmas are discussed in [L93] and similar calculations appear in [Li] .
(2) Suppose that for m ≥ k we have m = m 1 ℓ+s and k = k 1 ℓ+t where 0 ≤ s, t < ℓ.
Then we have
Proof. See the chapter 34 on Gaussian binomial coefficients in [L93] .
Lemma 3.3. For any R-algebra φ : R → A, the algebra RU has the following presentation (where we implicitly use the isomorphisms
Proof. This is shown, in slightly different notation, in [L93, 31.1.3] It is now a simple consequence of the existence of the homomorphism F r ′ and the previous lemmas that we have the following map, which we name the contracting homomorphism after the construction of Littelmann [Li] . 
Proof. The argument is similar to that found in [Li] where an action of R U * on a part of a module for R U is constructed, although since that paper eschews the modified quantum group, the map c is not present. By lemma 3.3 and the existence of the map F r ′ we must only check that the appropriate relations are satisfied. But then Lemma 3.2 establishes the result. The fact that the map c is an injection follows from the fact that it is a right inverse to Lusztig's quantum Frobenius map F r : RU → RU * .
Remark 3.5. The reader will presumably notice that, apart from the statement of the proposition, nothing in this section is new. The author assumes that the proposition was known to both Lusztig and Littelmann. With regard to [Li] the inclusion X * ⊂ X "explains" why one gets a contracting action of R U * only on a subspace of a RU -module.
GENERALIZED q-SCHUR ALGEBRAS
We assume in this section that our root datum (X, Y ) is of finite type (i.e. the Cartan matrix (a ij ) is positive definite). With this assumption, we may talk about the set of dominant weights X + = {λ ∈ X : α i , λ ≥ 0}. We will show that the map c is descends to a map on generalized q-Schur algebras. We first need to recall the definition of a generalized q-Schur algebra, following Lusztig. For λ ∈ X + we define the Weyl module of highest weight λ to be:
It is shown in [L93] that the nonzero images of the elements {b − 1 λ : b ∈ B} form a canonical basis B(λ) of Λ λ . (By abuse of notation, B(λ) is thought of both as a basis of Λ λ and as a subset of B.) Taking the A-span of B(λ) inside Λ λ we get a natural integral form A Λ λ , and so a specialization for any A-algebra R which we denote R Λ λ . Over the field Q(v) the Weyl modules are irreducible, and the category of finite dimensional representations ofU (more precisely, the category of finite dimensional representations of type 1) is semisimple.
Recall that X has a partial order ≤ such that λ ≤ µ if µ − λ = i n i α i where the n i are nonnegative integers. Using the Weyl modules, Lusztig introduced a decreasing (with respect to ≤) X + -filtration (U[≥ λ]) λ∈X + onU which can be characterized as follows: Let u ∈U, then u ∈U[≥ λ] if whenever u acts by a nonzero endomorphism on Λ λ1 we have λ ≤ λ 1 (see [L93, 29.1 .2] for more details). Lusztig also shows that each ideal in the filtration is spanned by a subsetḂ[≥ λ] of the canonical basisḂ. Similarly the idealṡ Definition 4.1. A subset P ⊂ X + is said to be saturated if X + \P is finite and if for all λ ∈ X such that there is a µ ∈ P with µ ≤ λ we have λ ∈ P . Given a saturated set P ⊂ X + letU[P ] be the sum of the idealsU[≥ λ] where λ ∈ P , and setU P =U/U[P ]. The algebraU P is called a generalized q-Schur algebra.
It follows from the above thatU P is a finite dimensional algebra, and moreover that it is a based ring in the sense of [L95] . (It is also what is sometimes referred to as cellular but this will not be important for us). Since the set Ω P of weights λ such that 1 λ / ∈U[P ] is finite, the algebraU P , unlikeU, has a multiplicative identity given by λ∈ΩP 1 λ . Similarly it is not hard to see thatU P is also a quotient of the quantum group U -there is a natural map where the element K µ is mapped to λ∈ΩP v µ,λ 1 λ , and a simple Vandermonde determinant argument shows that this map is surjective (see, for example, [L95, Lemma 4 .3] for a closely related statement).
Let AUP be the corresponding quotient AU /(U[P ] ∩ AU ) of the integral form AU . The algebra AUP is an integral form ofU P , i.e. the map Q(v)⊗ AUP →U P is an isomorphism, since the idealU[P ] is based. We now wish to understand how the maps F r and c interact with the filtration (U[≥ λ]) λ∈X + . The key is to show that the idealsU[P ] have a very simple generating set. For a saturated set P ⊆ X + , let I P be the (two-sided) ideal generated by the elements {1 ν : ν ∈ P }. The next result is a version of the main theorem in [D] , which in turn is motivated by the "refined Peter-Weyl theorem" of Lusztig. Proof. Let I λ = I P where P is the saturation of λ, that is, P = {µ ∈ X + : λ ≤ µ}. It is clearly sufficient to show thatU[≥ λ] = I λ , and moreover, it is easy to see that
It is shown in [L95, Proposition 4.4 ] that for any element b ofḂ [λ] there are b 1 , b 2 ∈ B(λ) (where here we think of B(λ) as a subset of B) such that
(Here, σ : f → f is the antiautomorphism which is the identity on the generators of f ). Thus it follows that
, and so since we have I µ ⊆ I λ and U [≥ µ] ⊆ U [≥ λ] for any µ with µ ≥ λ, we see that in fact for any µ > λ we have
is a based ideal, may write it as a linear combination
has intersection the zero ideal, so there exists a µ ∈ X + such that b i / ∈U[µ] for all i, 1 ≤ i ≤ k. Now write u = v + w where v ∈ I λ and w ∈U[≥ µ] so that we may again write v and w as linear combinations of elements ofḂ[≥ λ] andḂ[≥ µ] respectively. Comparing the two expressions for u we find that, sinceḂ is a basis, w can be chosen to be zero and so u ∈ I λ as required.
Remark 4.3. Of course, Proposition 4.4 of [L95] is much finer than we actually need.
The results of [L95] on the cell structure of the algebraU also motivated the statement of the proposition -the theory of cells forU matches precisely with that of the simple representations, so the elements 1 λ for λ ∈ X + are in bijection with the two-sided cells, and given the simple nature of the asymptotic algebra of each cell (a matrix algebra over Z) the fact that the elements {1 µ ∈ X + : λ ≤ µ} generatė
is not surprising. Although it is not necessary for the above proof, it is perhaps also worth mentioning that in fact b ± 1 λ ∈Ḃ for all b ∈ B. Essentially the same result is contained, in slightly different notation, in [D, Theorem 4 .2], using the theory of finite dimensional algebras. We do not simply quote the result of Doty because in the affine case the theory of finite dimensional algebras is not available to us, and an analogue of the previous result will probably be necessary to obtain the generalization to that case. We discuss this more in the final section.
Remark 4.4. The original q-Schur algebras S q (n, r) ( [DJ] , [BLM] ) correspond to the case where the root datum is of type A n−1 and the set P is the saturation of r̟ 1 where ̟ 1 is the first fundamental weight, i.e. the highest weight of the vector representation. The motivation for this paper came from the idea that the contracting homomorphism of the previous section should be the correct context for the generalization of the embedding in [FM] . Now let R be any A-algebra, and define RUP to be the algebra R ⊗ AUP . It follows from the previous lemma that these specializations have presentations analogous to Lemma 3.3. As in the previous section, we will be concerned with the case where the map A → R factors through A ℓ . In order to show that the map c of section 3 descends to an embedding of generalized q-Schur algebras, we need only work over the ring A ℓ . Theorem 4.5. The homomorphism c induces an embedding c P : RU * P * → RUP . Moreover, the quantum Frobenius map F r also induces a map F r P : RUP → RU * P * . Proof. As discussed above we may assume that R = A ℓ . First note that from the definition of I P and I * P * it is clear that c(I * P * ) ⊆ I P , hence c induces a map c P : RU * P * → RUP . Similarly, if F r :U →U * is the quantum Frobenius map, it follows immediately from the action of F r on generators that F r(I P ) = I * P * . It then also follows that c P is an embedding: suppose that u ∈U * is such that c(u) ∈ I P , then we have u = F r(c(u)) ∈ I * P * as required.
Remark 4.6. Each of the algebrasU P is filtered by the images of the idealsU[≥ λ]. The above proposition also immediately implies that the maps c P and F r P are compatible with this filtration.
q-SCHUR ALGEBRAS
In this section, we relate our construction to [BLM] and show that we recover as a special case the construction of [FM] . Thus we let V be an r-dimensional vector space over a field k, and n ≤ r a positive integer. Let F n denote the space of n-step partial flags in V , that is
Then the group GL(V ) acts transitively on the components F n , where the components are indexed by the set C n,r = {(a 1 , a 2 , . . . , a n ) ∈ N n : n i=1 a i = r}. The group GL(V ) also acts with finitely many orbits on F n × F n . Here the orbits are indexed by the set Θ r of n × n matrices (a ij ) with nonnegative integer entries such that i,j a ij = r. If (F, F ′ ) ∈ F n × F n then the orbit it lies in is indexed by the matrix (a ij ) where
. Now suppose that k = F q , a finite field with q elements. Let S k (n, r) denote the set of Z-valued GL(V )-invariant functions on F n × F n . Then S k (n, r) is an algebra under convolution, and moreover if we let 1 A denote the indicator function for the GL(V ) orbit indexed by A then {1 A : A ∈ Θ r } are a Z-basis of S k (n, r) and the structure constants of S k (n, r) with respect to this basis are polynomial in q. Hence we may define the q-Schur algebra S q (n, r) to be the Z[q]-algebra such that S k (n, r) is the specialization of S q (n, r) at q = |k| for any finite field k. To connect this construction to the previous sections, we must extend scalars from
2 . We will denote this extended algebra by S v (n, r). Let (X, Y ) be the root datum of type SL n , andU the corresponding modified quantum group. Then the following is well known:
Lemma 5.1. The algebra S v (n, r) is isomorphic to AUP where P = {λ ∈ X + : r̟ 1 λ}, where ̟ 1 is the highest weight of the vector representation.
Proof. The proof that there is a surjective homomorphism (given explicitly on the generators) ψ r :U → S q (n, r) is implicit in [BLM] . A (simpler) proof that ψ r is a homomorphism in the affine case, which also applies in the finite type case is given in [L99, 7.7] . The fact that the homomorphism is a surjection follows immediately from [BLM, Proposition 3.9] . Showing that the kernel of ψ r is I r̟1 is essentially the q-analogue of Schur-Weyl duality, an account of which is given in [GL] .
Let S Z (n, r) denotes the algebra S v (n, r) specialized at q = 1 (it is the integral form of the classical Schur algebra) and let S ℓ (n, ℓr) denote the specialization A ℓ ⊗ A S v (n, r) . Thus the previous section shows that the contracting homomorphism c yields a family of embeddings c r : S Z (n, r) → S ℓ (n, ℓr).
The partial ordering on orbits given by closure induces a partial ordering on the elements of Θ r which we will denote by . Let A denote the element of S v (n, r) which specializes to 1 A ∈ S k (n, r) for any finite field k.
We have the following corollary of Proposition 4.5 and the results of [BLM] .
Lemma 5.2. Let c r : S Z (n, r) → S ℓ (n, ℓr) be the embedding and let A = (a ij ) ∈ Θ r let ℓA denote the matrix (ℓa ij ). We have
where B ≺ ℓA and c B,A ∈ A ℓ . Moreover, the map c r is characterized by this property.
Proof. Proposition 3.9 in [BLM] shows that S q (n, r) is generated by basis elements [A] which are the nonzero images of {E
i 1 λ : i ∈ I.r ∈ N, λ ∈ X} under the quotient map ψ r :U → S q (n, r) (that is, the proposition shows that this map is indeed a surjection). A restatement of the proposition is that for any matrix of the form A ∈ Θ r there is a monomial of the form
kp 1 λ , (s 1 , s 2 , . . . , s k , t 1 , t 2 , . . . , t p ∈ N, i 1 , i 2 , . . . , i k , j 1 , j 2 , . . . , j p ∈ I, λ ∈ X * ), whose image under ψ is of the form
where d A is some (explicit) nonnegative integer. The proof of the proposition immediately implies that the image of the monomial
in S q (n, r) has leading term [ℓA] with respect to the partial ordering on Θ ℓr . The lemma then follows by induction on the partial order ≺. The fact that the map c r is characterized by this property follows from the fact that the elements [A] which are the images of the elements {E
: i ∈ I.r ∈ N, λ ∈ X} correspond to closed orbits, and so are minimal in the partial ordering .
Remark 5.3. The paper [FM] constructs an embedding S p (2, r) → S p (2, pr) where S p (n, r) denotes the algebra S Z (n, r) specialized to a field of characteristic p. Since any such field is an A p algebra in a natural way, we can recover their embedding from c r by base change. In [FM] this specialization is computed explicitly on the basis corresponding to {[A] : A ∈ Θ r }, and a more precise version of the previous lemma is obtained. I do not know how to formulate an explicit version of their result which holds in the generality of this paper. It would also be interesting to have a more geometric description of the maps c and F r in this context. I hope to return to this question in a future paper.
Remark 5.4. After this paper was written the author discovered the preprint [F] which establishes the existence of the map c r for S q (2, r), in a fashion similar the paper [FM] . The coincidence of the map constructed there and the one in this paper, along with the final conjecture of that paper follow from Theorem 4.5 and Lemma 5.2 above.
AFFINE q-SCHUR ALGEBRAS
In this section we wish to discuss a generalization of the map c P to the affine case. The first issue here is that one needs a notion of affine q-Schur algebra. No formal definition of such an algebra (outside of type A) has been given, but there are a number of candidates. A complexity which already presents itself in type A is that there are at least two competing definitions, which first arose in the work of Ginzburg and Vasserot [GV] , and Lusztig [L99] . By a natural generalization of the the construction of S q (n, r) given in the last section, they define an algebra A D,n,n which receives a homomorphism from the quantum group U( sl n ). However this map is no longer surjective, and so it is reasonable to consider its image U D,n,n as an alternative candidate for the affine q-Schur algebra. A similar issue arises in the work of Nakajima [N] , where he studies convolution algebras of equivariant K-homology on quiver varieties. These algebras again receive a homomorphism from the quantum loop algebra which is not surjective. Hence in this context also we are presented with two reasonable definitions of an affine qSchur algebra: either the geometric convolution algebras themselves, or the image of the homomorphism from the quantum loop algebra.
We propose an alternative definition, which is essentially equivalent to choosing "smaller" of the two options: the images of the quantum loop algebra. Rather than attempting to justify this choice, we rather wish to emphasize that most of the results that are known about these algebras suggest strongly that in fact, provided you work with the entire family affine q-Schur algebras, it should not matter what definition you take. We take Nakajima's result [N] that despite the nonsurjectivity one can still classify the simple finite dimensional representations of quantum loop algebras via the simple representations of the convolution algebras, and the result of [McG] that the cell structure of the two algebras which arise in the work of Lusztig and Ginzburg-Vasserot is essentially identical as justification for this position.
Our definition is the obvious generalization of Lusztig's algebrasU/U[P ] in the context of the work of Beck and Nakajima [BN] on cells in affine quantum groups. To say this more precisely, we need to introduce the root datum for affine quantum groups. Thus we suppose the symmetric matrix (a ij ) attached to the Cartan datum is of affine type (see [L93, 2.1.3] ), and that i · i = 2 for all i ∈ I. We further assume that the homomorphism Z[I] → Y given by i →α i is surjective with onedimensional kernel, while the map Z[I] → X given by i → α i has finite index and one-dimensional kernel. This is the degenerate affine root datum, corresponding to the affine quantum group at level zero. Fix i 0 ∈ I such that {i ∈ I : i = i 0 } is a basis of Z [i] . The root datum (X, Y, I − {i o }) is the associated finite type root datum. We therefore have a set of dominant weights X + , and the Weyl group W associated to the Cartan datum (the affine Weyl group) acts on X via a finite quotient. We writeU for the associated modified quantum group. Using the extremal weight modules [K94] of Kashiwara, [BN] defines a natural filtration (U[≥ λ]) λ∈X + on the modified affine quantum group at level zero, indexed by λ ∈ X + , where X + denotes the dominant weights for the associated finite type root system. Moreover they show that each of these ideals is based, and so given a saturated set in X + one can define I P = λ∈PU [≥ λ] and correspondinglyU P to be the quotientU/I P . We call this the (generalized) affine q-Schur algebra attached to the set P ⊂ X + .
Remark 6.1. It follows from [McG] that the algebras defined here generalize the algebras U D,n,n of Lusztig in [L99] .
The results of Section 3 apply in the situation of this section, so that there is an embedding c : RU * → RU , when R is an A-algebra such that the homomorphism A → R factors through A ℓ . Since the ideals I P are based (by [BN] ), they have a natural integral form, and so it makes sense to specialize them to get algebra RUP . In particular we have algebras RU * P and RUP . We make the following conjecture: Conjecture 6.2. The maps c and F r are compatible with the ideals I * P and I P , in other words, they descend to maps c P : RU * P → RUP , F r P : RUP → RU * P , for any saturated set P ⊂ X + .
This conjecture should be closely related to the work of Frenkel and Mukhin on q-characters at a root of unity [FM] . In fact a combination of the results of [BN] and [FM] should permit the proof of the conjecture to be carried out in a fashion analogous to that of Theorem 4.5. In type A it is also possible that the methods of [L99] suffice to establish the conjecture.
